We present the results of our lattice QCD study of the hadronic matrix elements relevant to the physical radiative J/ψ → η c γ and h c → η c γ decays. From computations with N f = 2 dynamical quark in twisted mass QCD at four lattice spacings, we were able to take the continuum limit and obtained Γ(J/ψ → η c γ) = 2.64(11) keV and Γ(h c → η c γ) = 0.72(5) MeV. We also computed the the hyperfine splitting and found that it does not depend from the sea quark mass and we obtain ∆ = m J/ψ − m η c = 112 ± 4 MeV.
Introduction
The radiative decay of J/ψ → η c γ has been subject of extensive theoretical and experimental studies since many years. The current experimental results quoted by PDG [1] is, Γ(J/ψ → η c γ) = 1.58(37) keV.
(1.1)
This value is obtained after averaging two experimental results, namely Γ(J/ψ → η c γ) = 1.18(33) keV by Crystal Ball [2] , and the more recent value obtained by CLEOc 1.91(28)(3) keV [3] . The currently running KEDR experiment [4] instead suggests a larger value, 2.2(6) keV. It is fair to say that the current experimental situation is unclear and dedicated charm experiment at BESIII is expected to clarify the situation.
Prior to 2012 the theoretical situation concerning prediction of Γ(J/ψ → η c γ) was not better. Dispersive analysis of Γ (η c → 2γ) obtained an upper bound for the width Γ (J/ψ → η c γ) < 3.2 keV [5] . Two different QCD sum rule calculations resulted in (1.7 ± 0.4) keV [6] and (2.6 ± 0.5), keV [7] . An effective theory of non relativistic QCD found (1.5 ± 1.0) keV [8] . Lastly, two different potential quark model calculatios exist, predicting an even larger value for the decay width, 3.3 keV [9] , and 2.85 keV [10] . To all of these predictions the error must be regarded not as an estimate of uncertainty intrinsic to the method, but only as susceptibility of the method to the variation of external parameters entering the predicition. The global picture of the theoretical predictions for the Γ(J/ψ → η c γ) is puzzling and inconclusive, and necessities a fully non perturbative analysis from the first principles of QCD.
The first extensive study of the radiative decays of charmonia on the lattice has been reported in ref. [11] where the authors computed relevant matrix elements for a number of decay channels in the quenched approximation of QCD and with one lattice spacing only. That computation has been extended to the case of N f = 2 dynamical light quark flavors at single lattice spacing in ref. [12] . In this paper we will focus on J/ψ → η c γ and h c → η c γ, for which we compute the desired form factors for four lattice spacings that we could extrapolate to the continuum limit. Our result for Γ(J/ψ → η c γ) allow for a clear comparison between theory and experiment, as soon as the results from KEDR and BESIII become available. Our Γ(h c → η c γ) will provide us with a prediction for h c lifetime, and both could be compared with experimental measure when it becomes available. This presentation is based on our recent paper [13] where the interested reader can find details of all the numerically computed data entering our calculation.
Hadronic Matrix Elements
The transition matrix element responsible for the J/ψ → η c γ * decay reads,
where J em µ = Q cc γ µ c is the relevant piece of the electromagnetic current, with Q c = 2/3 in units of e = √ 4πα em . Information regarding the non-perturbative QCD dynamics is encoded in the form factor V (q 2 ) and represents the most challenging part on the theory side. For the physical process, i.e. with the photon on-shell q 2 = 0, the decay rate is given by [11] 
Similarly h c → η c γ transition matrix element is parametrized by two form factors
3)
The decay rate for the on-shell photon is [11] 
We can compute the form factor V (q 2 ) and F 1 (q 2 ) directly at q 2 = 0 by using twisted boundary conditions [14] on one propagator, which will be labelled in the following by a superscript "θ ".
Two-point correlation functions
As in [15] , we use the maximally twisted mass QCD [16] gauge field configurations produced by ETM collaboration [17] . We extract mass of charmonia from the two point correlation functions:
in which the Dirac structures Γ are chosen as γ 5 , γ i or σ 0i , i ∈ (1, 2, 3) to provide the coupling to the charmonium states with quantum numbers J PC = 0 −+ , 1 −− , and 1 +− , for η c , J/ψ and h c , respectively. We implement the Gaussian smearing on the fermionic fields c entering 3.1, and compute the quark propagators using stochastic techniques [17] . Charm quark mass, µ c , at each of our lattices has been fixed according to the result of ref. [18] where it was shown that the charm quark computed from the comparison of the lattice results with the physical m η c fully agrees with the value obtained by using the physical m D s or m D . Therefore, we can say that m η c , obtained by computing the effective mass m eff η c from correlation function C η c (t), and then by fitting m eff η c (t) at large time separations to a constant, is merely a verification that, after a smooth continuum extrapolation, we indeed reproduce m (t) using the appropriate correlation function, and then fitting them at sufficientely large time separation.
In fig. 1 we show an example of two effective mass plots, as obtained by using all four lattice spacings explored in this work and for one value of the sea quark mass, which we choose to be the least light ones, for the case of η c and of h c mesons. We see that the effective masses for the pseudoscalar are excellent while the signal for h c is good but more noisy. The quality in the case of J/ψ (not shown) lies between the two illustrated. The effective masses are then combined to 
which after linar fit to a pametrization similar to that of eq.( 3.3) gives 
Radiative Transition Form Factors
To extract the desired hadronic matrix element (2.1) we computed the three point correlators
where P =cγ 5 c, V i =cγ i c are the interpolating operators fixed at t = 0 and t = t y = T /2 (T being the time extension of our lattices). Using the fact that our three-momentum q = θ /L is isotropic, we averaging 6 equivalent contributions, C 12 , C 23 , C 31 , −C 21 , −C 32 , −C 13 to C V ,
where the last expression is valid for sufficiently separated operators in the correlation function (4.1). By renormalizing the local electromagnetic current and combining appropriately two and three points correlators, we can build a ratio R J/ψ where we eliminate the source terms, obtaining V (0) from a fit to a constant as shown in fig. 2 .
Extrapolation the physical limit (m sea ≡ m q → 0, a → 0) is performed using a form similar to eq.(3.3). We do not observe any dependance of V (0) on the light sea quark mass. Instead the discretization effects are rather large, with c V = −23%. Our final result is: in eq. (2.3). To that end we compute the three point correlators fig. 3 ). We perform the continuum and chiral extrapolations, in a way analogous to eq. (3.3). Again, the form factor F 1 (0) is insensitive to the variation of the light sea quark mass. Contrary to V (0), the discretization effects turn out to be smaller: we find c F 1 ≈ 2%, and our final results is
5. Phenomenology
Decays of J/ψ
Concerning the radiative decay J/ψ → η c γ, by inserting our value (4.3) in eq. (2.2) we get Our result for the decay rate is larger than the experimental one, and the agreement is only at 2σ . The various effective approaches presented in the introduction agree with ours too, except that we have smaller and controlled uncertainty. We hope more effort on the experimental side will be devoted to clarify the disagreement among various experiments. PDG [1] Crystal Ball [2] CLEO [3] KEDR [4] Disp bound [5] Sum rules [6, 7] Eff. theory [8] Quark m. [9, 10] This work HPQCD [22] Experimental results Theoretical predictions non lattice lattice We note also that the quenched result of ref. [11] , V (0) = 1.85 (4), is only slightly lower than ours, while the one obtained with N f = 2 light flavors with a single lattice spacing in ref. [12] , is larger than ours at the same lattice spacing.
We do not make any estimate of the size of systematic uncertainty due to the omitted s and c quarks in the sea. Very recently a study similar to ours has been made in ref. [22] where several set of gauge field configurations, obtained with HISQ action including N f = 2 + 1 dynamical quark flavors. Their results are in perfect agreement with those reported here, which means that (i) the inclusion of the strange quark in the sea has no impact on J/ψ → η c γ and (ii) that the continuum results obtained by two totally different lattice regularization lead to perfectly consistent values.
In fig. 4 we present full comparison of the experimental and theoretical findings on J/ψ → η c γ.
h c → η c γ
h c escaped the experimental detection for a long time and only recently CLEO succeeded to isolate this state [23] and observed that its prominent mode is precisely h c → η c γ, the branching fraction of which was later accurately measured at the BESIII experiment, with a result: Br(h c → η c γ) = (53 ± 7)% [19] . We obviously cannot compute the branching ratio on the lattice, but with our form factor result (4.5) we can compute the decay width using eq. (2.4). We get
This can be combined with the measured Br(h c → η c γ) to estimate the width of h c . We obtain:
Br(h c → η c γ) = 1.37 ± 0.11 ± 0.18 MeV = 1.37 ± 0.22 MeV, (5.3) where the first error comes from our determination of the form factor F 1 (0), and the second one reflects the experimental uncertainty in the branching ratio. This constitutes a prediction that will be interesting to check against experiment once the latter becomes available.
To compare with other lattice results we convert the value reported in ref. [11] to our dimensionless form factor and obtain F 1 (0) = −0.53(3), which agrees very well with our result. Similar conversion of the result of ref. [12] would result in F 1 (0) = −0.33(1), much smaller value than ours, whether we compare it with the values we obtain at β = 4.05 or the one in the continuum.
Summary and future perspectives
We presented results of our analysis of the radiative decays of charmonia by means of QCD simulations on the lattice. Using several lattice spacings of twisted mass QCD with N f = 2 dynamical flavors we were able to extrapolate the relevant form factors to the continuum limit.
We emphasize that our results are obtained without inclusion of disconnected diagrams.
